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Abstract- - ln  order to check the accuracy of the numerical inversion of the Laplace transform 
when it is applied to evaluate the time-dependent diffuse reflection function from a semi-infinite 
atmosphere, numerical experiments are done in virtue of comparing the numerical value with the 
exact one. It becomes clear that the numerical inversion method is sufficiently applicable if the time 
dependence of incident radiation is given by the Dirac ~ function. A technique which reduces the 
error of the numerical inversion is proposed. It gives a remarkable improvement. (~) 1999 Elsevier 
Science Ltd. All rights reserved. 
Keywords--Invariant imbedding, Radiative transfer, Semi-infinite atmosphere, Time-dependent 
radiation field, Numerical Laplace inversion. 
1. INTRODUCTION 
While application of the Laplace transform to the time-dependent equation of transfer has been 
often discussed since the beginning of the transport theory [1,2], nevertheless, it is not frequently 
used for numerical computations because of diificulty and instability of inversion process (as an 
example, see [3]), although there are considerable time-dependent transfer problems, in which 
only the Laplace transform will be hopeful. 
About  thirty years ago, Bellman et al. [4] proposed a method inverting the Laplace transform 
numerically, and applied it to find the solution of the time-dependent equation of transfer de- 
scribing the diffusely reflected intensity from a finite atmosphere. They  applied this inversion 
technique to other time-dependent problems [5]. The main advantage of the method consists of 
the fact that to invert the transformed quantities we need a universal matrix that depends only 
on the number  of time points. This forms a contrast with other inversion methods (as a recent 
example, see [6]). 
The purpose of the presentation is to check the accuracy of the numerical inversion technique 
mentioned above when it is applied to compute the emergent intensity of radiation from a ho- 
mogeneous semi-infinite atmosphere, whose surface is illuminated by a time-dependent parallel 
beam of radiation. Time dependence of the incident light is given by the Dirac ~ function or the 
Heaviside unit step function. Bellman et al. [4] considered the time-dependent emergent radiation 
due to incident radiation described by the Heaviside unit step function. The reason they avoided 
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dealing with Dirac 6 type incidence, which is more general than unit step incidence, may be that 
they were careful about instability of the inversion process for “impulse response”. 
In order to check the accuracy, we proceed along the theory of the exact solution to the problem 
obtained by Matsumoto [7] and Ganapol and Matsumoto [S]. We state the invariant imbedding 
technique in the next section obtaining the integro-differential equation satisfied by the reflection 
function. In Section 3, with the aid of the Laplace transform, the exact solution to the equation 
is presented. The check of the accuracy of the numerical inversion of the Laplace transform will 
be discussed in Section 4. 
2. INVARIANT IMBEDDING 
Here, with the aid of the unified approach of invariant imbedding (see [9]), we shall derive an 
integredifferential equation satisfied by the scattering function that describes diffusely reflected 
light from a semi-infinite atmosphere. We state only the outline. The detailed discussion will 
appear elsewhere. 
Consider a homogeneous, plane-parallel, and non-emitting atmosphere of semi-infinite optical 
thickness, which scatters radiation anisotropically. Let a time-dependent pencil of radiation of 
net flux nF(t) normal to itself fall on the surface in direction 00 = (pug, cpo), where p,-, is the cosine 
of angle of incidence measured from the inward normal, and cps is its azimuth. The intensity of 
radiation at time t, at optical depth 7, in direction 52 = (/A, +), I(t, T, 0), satisfies the equation 
of transfer in the form (see [lo]) 
( 42; + p-g > qt, 7, n) = qt, 7, f-2) - J(t, 7, L?), (2.1) 
where J is the source function given by 
J(t, 7, f-2) = z J t ,-(t-t’)/tl dt’ 0 J t1 4.x p(O, L?‘Z’)1(t’, 7, L?‘) c-m’, (2.2) 
and P is the albedo for single scattering. In the above expressions, there appear two time 
parameters tl and t2. These are the mean time spent by a photon in an absorbed state and 
the mean free time, respectively. We shall distinguish the intensity directed toward the surface 
I+(t, T, 0) from that directed toward the deep interior I-(& T, Q). Then equation (2.1) can be 
written in the following separate forms: 
and 
where 
t2a a --- /&+a7 > 
I+(t,T, f-2) = ;(I+ - J+) E G+(t,T, i2) 
(:i+ik) I-(t,T,fl) = ;(J- -I-) = G-(t,T,G’), 
(2.3) 
(2.4 
(:r) (t,T, CI) = 2 J’ e-(t-t’)lt’$ J ~(0, P> (:r) (t,T, LY> ~-UT, (2.5) 
0 2n 
and P(6?, 0’) is the phase function matrix, which is normalized to unity rather than w, in the 
form 
(2.6) 
and Jzrr means Ji dp $” d$. 
Equations (2.3) and (2.4) should be solved subject to the initial and boundary conditions in 
the form 
I*(t, 7, 0) = 0, ift<O, (2.7) 
I*(& 7, a) -+ 0, as 7 ---t co, (2.8) 
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and 
I -  (t, 0, 12) = 7rF(t)5(12 - 120), (2.9) 
where 6 is the Dirac 6 function. Time dependence of incident radiation is given by F(t), which 
is considered as the Dirac 6 function or the Heaviside unit step function. 
The law of diffuse reflection describing the emergent intensity from the surface is given through 
the scattering (reflection) function such that 
 /0'L I+(t,O, 12;Ii,c) = ~ ,~ S(t-t',12,12')Ii,c(t',12')dt'd12', (2.10) 
where Iinc(t, 12) is given by equation (2.9). Now, we use the unified approach of invariant imbed- 
ding. Due to addition of a flat layer of infinitesimal thickness A to the surface, the emergent 
intensity changes to I+(t-  t2A/#, A, 12; Ii,c), where ]inc is the modified incident radiation by 
existence of the thin layer. From equation (2.3), we have 
I+ (t - t2--A---A, A, 12; f"linc) = I+ (t, O, 12; linc) + AG+ (t, O, 12) + o( (2.11) 
where o is the Landau notation. On the other hand, from equation (2.10), we have 
1 L tL  S(t-t',12,12')iinc(t',12')dt'd12', (2.12) I-F (t 'Z~'12;i inc) = 4---'~'-~# it 
where the modified incident radiation should be given by 
~finc(t,/2) = I-(t, A, 12), (2.13) 
and can be evaluated by equation (2.4) as follows: 
I-(t, za, 12) = I- ( t -  t2a~ , 0,12) + aa-  (t, 0,12) + o(A). (2.14) 
On taking account of 
I+ (t - t2A, A, 12,'ine) t t2A ff-t I+(t, A, 12, Iinc) + (2.15) 
substituting from equations (2.11) and (2.12), and considering the limit A approaches 0,we have 
integro-differential equations atisfied by the scattering (reflection) functions as follows: 
= * 6(t)p+-(12, 12o) + 1 + t2~ tl 
lf2 d~_ I L d12" × 4--~ p++(12,12')S6(t, 12',12o) + -~ p--(12",12o)S6(t, 12,12") #,~ (2.16) 
7r 
1 
P-+(12"12")S~(t'12'12") * S6(t'12"12°) t*" 7 J 
and 
(1+ #1_~)(1 +t2.~@)Su(t,12,12o) = vzexp(-t/tl).tl [ u(t)p+-(12,12°) 
1 L ~ + 1 L ,, d12") x -~r p++(12,12')S,,(t, 12',12o)#. -~ p--(12",12o)S.(t, 12,12 -~ (2.17) 
1 L L P-+(12"12")S~'(t'12'12")*c9 d12'd12"] + ~ , ,  , ,  ~s~(t, 12', 12o) ~; ~,, j ,  
where S~ and St are the scattering functions for 6 incidence and unit step incidence, respectively, 
u(t) is the Heaviside unit step function, and * means the convolution integral. Equations (2.16) 
and (2.17) are required integro-differential equations satisfied by the reflection functions. 
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3. THE LAPLACE TRANSFORM 
Taking the Laplace transform of equations (2.16) and (2.17), we have 
-t- S6(s,~2,~2o) = (1-t-stl)(1-t-st2) x +-(n,  n0) 
+l j~ 2 1~ dE2" -~r ~P++(n'n')s6(s'n',n°)~-~ + r p--(n',~Zo)S6(s,n,n") #" (3.1 /
d~2" ] 
and 
+ S~(s, g2,no)= ( l+St l ) ( l+st2)  x - '  
l f2 1~ d~" +~ p++(a,a')s~(8,a',a0)~,'+~ p--(a",ao)S.(s,a,n") u,--- z (3.2) 
s d~2" ] + l-~r2 ~ ~ P-+(n',~2")S~(s,n,~2")S~(s,n',no) d~' -~ j, 
where s is the parameter of the Laplace transform. In the above equations, we use the same 
notation for the S-function itself, but different arguments t and s for real and image spaces, 
respectively. The exact solutions to equations (3.1) and (3.2) are 
C30 
~n 
Sa(s, n, no) = ~ (1 + stz)n(1 + st2) ~ Sn(n, no) (3.3) 
n----1 
and 
(3O "~0' n 
S~,(s, I2, ~o) = ~ s(1 + stz)'~(1 + sty) n S,~(n, no), (3.4) 
n----1 
where the Sn function is the finite order scattering function of Uesugi and Irvine [11] in stationary 
radiation field, and satisfies following recurrent equations: 
+ $1(~2, ~20) = p+-(~, no), (3.5) 
+ s~(a, no) = ~ n')sl(a' ,  no) da' #l 
1 f2 dn" -~ ~ ~r p--(ntt ,  nO)Sl(n,~ tt) #,---7-, (3.6) 
and 1) 1/2 + ~o Sn(~2, no)= -~ p++(n,n')sn_l(n,,no) dn' ~r #t 
+~ p-- (a", ~0)s._ 1(a, ~") ~ '  (3.7) 
1 n--2 . f 
/ : ,  ]2 n" 'S  ' ' "  " "S  'n" dn'#__T dn"#,___T x 1---~-~2kfx ,p -+(n ' ,  ) kt , ) ,~-~-~ ,no) 
In the case of isotropic scattering, equations (3.3) and (3.4) are given by Matsumoto [7,12]. For 
the azimuth independent phase function, equations (3.3) and (3.4) coincide with those discussed 
by Ganapol and Matsumoto [8]. We can readily evaluate the finite order scattering function Sn 
recurrently from equations (3.5) through (3.7). 
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The exact expression for the scattering functions for real t-space can be obtained from the 
Laplace inverse transform of equations (3.3) and (3.4) in the following forms: 
(3O 
ss(t, n, no) = ~ ~"C~(t, tl, t2)S~(n, no) (3.8) 
vt=l  
and 
(30 
Su(t, f'2, ~2o) = E wnFn(t' tl, t2)Sn(/2, ~Qo), (3.9) 
n=l  
where Gn and Fn functions are found from the Laplace inversion in the following manner: 
Gn(t, tl,t2) = L: -1 { 1 } (3.10) 
[(1 + st1)(1 + st2)]" 
and 
F,~ = £-1  s[(1 + st1)(1 + st2)]" " 
The explicit forms of both functions will be given in the next section. From equations (3.3) 
and (3.4), we have 
0 S6(t, .Q, no) = NS~(t,-Q, no). (3.12) 
4. NUMERICAL  EXPERIMENTS 
In checking the accuracy of the Laplace inversion technique of Bellman et al. [4,5], we consider 
only the case of isotropic scattering, prom equations (3.1) and (3.2), we have 
S6(s, #, #o) -- Ws##O H(ws, #)H(ws, #o) (4.1) 
P +#o 
and 
w,##o H(ws,#)H(w,,/~o), (4.2) S~(s, ~, ~o) - s(~ + ~o) 
where H is the Chandrasekahr H-function [13], and Ws is 
~u 
ws = (1 + st1)(1 + st2)" 
Following the numerical inversion, S-functions are obtained by the algorithms uch that 
1 ~'~ q~kS~ (k ,  #, #0) , (i = 1,2, . . . ,N),  (4.3) S6(-clnx~,#,#o) = c k=l 
and 
1 iv (k  ) 
S,(-clnxi,#,#o) = c Eq ikS"  ,#,#0 , (i = 1,2, . . . ,N),  (4.4) 
k=l  
where S denotes the S-function in s-space, xi is the ith root of the shifted Legendre polynomial 
of degree N, c is an arbitrary multiplication constant, and Q = (q,k) is the Laplace inversion 
matrix dependent only on N. 
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We shall check the accuracy of results obtained from evaluation of equations (4.3) and (4.4) 
by comparing with quantities which are computed from equations (3.8) and (3.9). From equa- 
tions (3.10) and (3.11), time functions G and F are readily obtained as follows: 
( t ) '~ exp(-t/tl) Gn(t, tl,O)= ~ t~--~)! '  (4.5) 
( t ~ 2n-1 exp(-t/tl) (4.6) 
Gn(t, tl,tl) = \~]  tl(2n - 1)!' 
and 
G,(t, tl,t2)= ~ ~ exp-  ~+~ 2(t2-t l)"(n-1)! '  
( t l#t2  and tlt2#O), 
where x = (1/tl - 1/t2)t/2 and ~,~(x) = ~In-1 /2 (x ) .  Numerical evaluation of these 
quantities are straightforward except equation (4.7). The modified Bessel function of the first 
kind Iu can be computed by the backward recurrent method [13]. The expressions for Fn are 
Fn(t, tl,O) = l -e (n -  l, ~)  exp ( -~)  , (4.8) 
Fn(t, tl,tl) = l - e (2n - l, ~ ) exp ( -  ~-~) , (4.9) 
, 1 - -k  
F,(t, tl,t2)=l ( t l - t2 )  \ n -1  k ( t l - t2 ) j  
k=l 
x [ ( _ t )ke(k_ l , t '  { t'~ k (k - i ,~)exp  t ,  )expt,-T7) +t e t (4.10) 
(tl -d= t2, t~t2 -d= o), 
where e(m, x) = ~-~-~=0 xk/k!" 
From equations (3.10) and (3.11), we find that Gn and Fn functions are symmetrical with 
respect o tl and t2. We can set tl +t2 = 1, that is to say, we measure the time in unit oft1 +t2. 
Then it is sufficient o consider the value of tl in the interval 0 _< tl _< 0.5. In what follows, we 
consider only the conservative case in which :v = 1. 
In Figures 1 and 2, the exact values of the time-dependent scattering functions $6 and S~ 
which are obtained by equations (3.8), (3.9), (4.5)-(4.10) with equations (3.5)-(3.7), are plotted 
for tl = 0 by the solid line and for tl = 0.5 by the dashed line, respectively. The numerical 
integrations in equations (3.5) through (3.9) are evaluated by the Gaussian quadrature formula 
with seven points. The S functions in both figures are plotted for one angle of incidence #0 = 0.975 
and two angles of emergence # = 0.5 and # = 0.975. In order to emphasize the difference between 
the curves corresponding to different l, the scales of time are different in both figures. As we 
can see from Figure 1, the $6 function for tl = 0.5 has a peak near the origin. The peak exists 
for all tl except 0 (we have to remember that 0 < t < 0.5). Corresponding to the peak of $6, 
there is a point of inflection on each curve except he case tl = 0, where no peak of $6 appears. 
This is a conclusion from equation (3.12). 
Now we shall see the error of the numerical inversion in Figure 3. The relative errors for $6 
and Su functions are plotted as functions of t. The relative error is defined by 
[exact value - approximate value[ 
relative error = 
exact value 
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Figure I. S~(t,l~,l~o) is plotted against t in the interval 0 < t < 12 for tl = 0 (--) 
and tl ---- 0.5 (---), where/~o ---- 0.975, and/~ = 0.5 and/~ = 0.975. In the case of 
tl = 0.5, a peak can be recognized in the interval 0 < t < 1. 
' t l=O 
t~ =0.5 
/J 0=0.975 i /  
t / / . t .  
/ 
/ 
=0.975 / /  
/ 
/ 
/ 
/ / 
1" J 
z / I / "  /z =0.5 
J J / "  
J / 
t . .=~ 
Figure 2. 5u(t,/~,/~o) is plotted against t in the interval 0 < t < 2.5 for tl = 0 (--) 
and tl -- 0.5 (---), where/~o = 0.975, and /~ = 0.5 and /~ = 0.975. In the case of 
tl -- 0.5, an inflection point exists 0 < t < 1. 
From now on, we shall call the relative error as "error" simply. The solid and dashed lines 
correspond to ~ incidence and unit step incidence, respectively. 
Generally, we can say that the error grows for large and small t-values. Especially, severe error 
of the S~ function occurs in the neighborhood of t --- 0. It is greater than 100% and the value 
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Figure 3. The error of the numerical inversion is illustrated against time t for the 
$6 function (--) and S= function (---). The error depends on the number of time 
points N which is put on each curve. 
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01 ' 2 ' 4 
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Figure 4. The error of the S~ function when tl  << 1 against t. The dashed curve is 
obtained from the scheme of equation (4.11). The value of t l  is put on the curve. 
is not reliable at all. The error naturally depends on the number of points of time (N value 
of equations (4.3) and (4.4)). We can see from the figure the error decrease as the number of 
points increases. Even if N = 15, the error of S~ function in the neighborhood of t = 0 is little 
improved. The reason Bellman et aL [4,5] did not consider 6 incidence, which is not mentioned 
explicitly, might be to avoid the spike behavior of the $6 function. Up to now, we cannot find 
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any method to reduce this error. The numerical inversion of the Laplace transform may be not 
adequate to the case of unit step incidence. On  the other hand, in spite of its spike behavior, the 
error of the $6 function is not so severe. Even if N = 7, the error for t < 2 remains less than 1%. 
But for large t, the error increases. The numerical inversion method is applicable for 6 incidence 
for not so large t. 
The sudden rising error of the S~ occurs when tl << 1. The peak of the $6 function which 
becomes narrow and sharp causes the serious error. In Figure 4, the error is plotted for small tl 
values. When tl ~- 0.01, the error reaches more than 5% in the neighborhood of t = 0. Fortu- 
nately, unlike the case of the S~ function, we have a technique reducing the error. We expect 
that in the neighborhood of t = 0, the contribution to $6 comes from the first or second partial 
sum of series (3.8). Then we can obtain more reliable results if we evaluate the Laplace inverse 
transform corresponding to the partial sum analytically, and the rest numerically. That is to say, 
$6 will be calculated as 
w~ 
s (t, n, n0) = c (t, tl, t2)s (n, no) 
n: l  (4.11) 
.=1 [(1+ st1)(1+ s t2) ]  n ' 
where/2-1{ } means the numerical inversion. The result of the technique is also shown in the 
figure (by the dashed line). As is seen from the figure, the error in the neighborhood of t = 0 is 
reduced to less than 0.1%. This shows that our expectation is quite reasonable. 
5. CONCLUSION 
Prom the discussions in the previous ection, we obtain the following conclusions. 
(1) Unexpectedly, the error for unit step incidence is so severe that we cannot use the numerical 
inversion method. Up to now the reason is not clear. We can guess that the rapid change 
of the differential coefficient of a function causes the instability of the numerical inversion 
rather than the rapid change of the function itself. 
(2) In spite of the spike behavior, the error for 6 incidence is relatively small, and the numerical 
inversion is practical. But for large t, the application of the method becomes difficult. 
(3) The improving method expressed in equation (4.1) reduces the error for the Se function 
remarkably. In some cases, the method oes not work, where we do not need such technique 
because the error is sufficiently small. Even if the technique does not work, it never causes 
an increase in the error. 
Although discussions in the presentation are restricted to the problem in which the exact 
solution is known and the numerical inversion is not indispensable, the purpose of the study 
is to apply, in future studies, the numerical inversion to the problems of radiative transfer, in 
which the exact solution is not known. The improving method developed in the presentation is 
applicable to many problems, because the analytical expression of the quantities caused by the 
first- or second-order scattering process can be evaluated easily. It goes without saying that more 
terms corresponding to m in equation (4.11) are preferable. But the analytical expressions for 
more terms undoubtedly become difficult. 
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